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Abstract. This paper addresses the point stabilization problem for the underwater spherical roving 
robot (BYSQ-3) in the horizontal plane. The finite-time stable control laws are adopted to steer 
the robot to the origin fast, accurately and reliably. Firstly, the inner structure and operational 
principle of the robot is described and the kinematic and dynamic equations are established. 
Secondly, the diffeomorphism transformation and change of inputs are introduced to decouple the 
multivariable coupling system into two subsystems. The second subsystem consists of two double 
integrator systems. The finite-time controller is introduced to ensure part states converge to zero 
in finite time. Then, the other states are steered to the origin using the same method. Thirdly, the 
design process has no virtual input and the stability analysis is simple, the controller designed is 
easy for engineering implementation. The simulation and experiment results are presented to 
validate the shorter convergence time and better stability character of the controller. 
Keywords: finite-time controller, point-stabilization, underwater spherical roving robot, 
asymptotic stabilization. 
1. Introduction 
The past two decades has been witnessed the rapid development of various underwater 
autonomous unmanned vehicles(UAVs), with the help of the robotics, interacting with and 
exploring the underwater world becomes more feasible [1]. The underwater spherical robots, with 
the advantages such as good water pressure resistance, high concealment, flexible movement, zero 
turning radius, etc., have attracted many scholars and researchers’ attention. BYSQ-3 is the 
third-generation underwater spherical roving robot designed by Beijing University of Posts and 
Telecommunications (BUPT), in Fig. 1. BYSQ-3 is mainly used to perform the roles of deep-sea 
fixed-point photography and detection. To discharge the tasks，it is necessary to implement 
precise position and attitude for the UAV, that is, point stabilization problems. In fact, dynamic 
positioning and automatic docking in harbor can be classified as point stabilization problems. 
However, the UAVs generally are under-actuated mechanical system, which possess more degrees 
of freedom than the independent control inputs, it is impossible to implement accelerations in all 
DOF simultaneously [2]. Furthermore, the under-actuated UAVs’ kinematic and dynamic 
equations are highly coupled and strongly intrinsic nonlinear nature. On the horizontal plane, the 
UAV’s motion principle is similar to the surface vessels. Now, the planar point stabilization 
control study on the under-actuated UAVs and surface vessels has been a field of great interest to 
various researchers. See for example [3-7]. 
The under-actuated vehicles fail to meet the brocket’s theorem [8], no smooth or continuous 
time invariant control law can make the solution of the under-actuated UAVs’ kinematic and 
dynamic equations asymptotically stable. In order to realize the control objective, many scholars 
and researchers proposed non-smooth or continuous time-varying control laws. In [9], a 
time-varying switching control law was proposed to make the under-actuated surface vehicles 
݇-exponential stable. In [10], a discontinuous approach (TSM) was addressed to stabilize the 
under-actuated surface vessels. In [11], through the coordinates change, the dynamical system 
could be reduced to a third-order chained form, by using the time-invariant discontinuous state 
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feedback law, the global asymptotic stabilization of the system could be guaranteed. In [12], a 
set-point controller was described for UAVs by using the transformed equations of motion. In [13], 
a logic-based hybrid controller was addressed which can guarantee the global asymptotic 
convergence to an arbitrarily small neighborhood of the origin. The control techniques used in the 
aforementioned literature have at best exponential convergence rate with infinite settling time, in 
other words, the under-actuated underwater vehicles converge to a final target point with a desired 
orientation in finite time is impossible. However, some tasks, for example, underwater search and 
rescue, detection and surveillance, etc., they are time sensitive, it is desirable the underwater robot 
can accomplish these tasks quickly in finite time rather than infinite asymptotically. The 
finite-time control laws possess many nice features such as faster convergence rates, higher 
accuracies and better disturbance rejection properties. Hence, the finite-time design methods for 
nonholonomic systems have attracted increasing attention worldwide. Particularly, by using the 
finite-time control method, the authors in [14] proposed the switched method to solve the point 
stabilization problems of the under-actuated underwater vessels, through a sequential series of 
switched control laws, each stage could achieve a certain objective, in the final the system could 
be steered to the origin. In [15], the trajectory tracking problem for under-actuated UAV in the 
horizontal plane was addressed, by adopting the finite-time tracking control laws, all the tracking 
errors of the UAV converged to the origin except for the yaw angular ݎ was BIBO stabilization. 
In [16], the output feedback stabilization for a class of under-actuated systems were investigated 
and the designed controller guarantees that the state variables converge to zero within finite time. 
In [17], the high-order uncertain nonlinear systems’ finite-time stabilization problem was 
investigated, by combining with adaptive technique, the convergent time can be adjusted 
arbitrarily by pre-assigning the design parameter. Many other researchers investigated the 
nonlinear under-actuated systems finite-time control problems, see for [18-21]. 
In this paper, the finite-time controller is introduced to ensure part states converge to zero in 
finite time, then the whole system can converge to zero fastly. Compared with the other traditional 
approaches, the proposed approaches have shorter convergence time and it is the minimum energy 
control strategy. 
The paper is organized as follows. In Section 2, the inner structure and operational principle 
of the underwater spherical roving robot is described and the kinematic and dynamic equations 
are established based on Newton Euler equations. In Section 3, the finite time control laws are 
designed and the finite-time stability property is analyzed. In Section 4, 5, the simulation and 
experiment results are depicted and analyzed. Section 6 provides the conclusions. 
2. Description of the control problem 
2.1. The structure of BYSQ-3 
BYSQ-3 is a novel underwater spherical roving robot with only one propeller located in the 
middle of the catheter, its posture can be adjusted through heavy pendulum and the flywheel. The 
catheter is fixedly connected with the spherical shell. The sleeve (generally called long axis or the 
rolling axis) is mounted the outer wall of the conduit and it can rotate around the catheter. The 
short axis (or pitching axis) is fixedly connected with the sleeve and perpendicular to the long axis. 
The weight pendulum mechanism is installed on both ends of the short axis. Driven by the long 
axis motor, the weight pendulum can rotate around the catheter and the robot’s roll angle can 
change. Driven by the short axis motor, the weight pendulum can swing around the short axis and 
the robot’s pitch angle can change. Driven by the flywheel motor, the robot body get the anti-force 
to change the yaw angle. The serve motors and control circuits were sealed inside the spherical 
glass fiber hull to reduce the possible damage. The three-dimensional structure chart of BYSQ-3 
are shown in Fig. 1. In the horizontal plane, the control inputs are propeller thrust and steering 
torque provided by the flywheel. 
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Fig. 1. Three-dimensional structure chart 
2.2. Kinematics and dynamics of BYSQ-3 
The inertial and the body-fixed reference frame is shown in Fig. 2. The kinematic and dynamic 
equations of BYSQ-3 in horizontal plane can be written as Eq. (1) [2]: 
ە
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۓݔሶ = ݑcos߮ − ݒsin߮,ݕሶ = ݑsin߮ + ݒcos߮,
ሶ߮ = ݎ,
ݑሶ = (݉ଶଶݒݎ − ݀ଵଵݑ + ߬ଵ)݉ଶଶ ,
ݒሶ = − (݉ଵଵݑݎ + ݀ଶଶݒ)݉ଶଶ ,
ݎሶ = ((݉ଵଵ − ݉ଶଶ)ݑݒ − ݀ଷଷݎ + ߬ଷ)݉ଷଷ ,
 (1)
whereݔ, ݕ and ߮ denote the position and orientation (yaw angle) of BYSQ-3 in the inertial frame, 
ݑ, ݒ and ݎ represent the linear surge, sway and angular velocities of BYSQ-3 in the body- fixed 
frame. ݉௜௜, ݀௜௜, ݅ = 1, 2, 3 represent the inertia including added mass effects and hydrodynamic 
coefficients of the drag terms. ߬ଵ, ߬ଷ represent the external force and torque generated by propeller 
and flywheel, there is no sway thruster, thus, the 3 DOFs’ horizontal motion must be controlled 
by the two independent control input, so, Eq. (1) is an under-actuated control system. 
Assumption: (i) The spherical shell is a perfect spherical with homogeneous mass distribution. 
(ii) The heave, pitch, and roll motions are neglected and the effects of wave, wind and current are 
ignored. 
 
Fig. 2. The inertial and the body-fixed reference frame 
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2.3. Control objective 
The control objective is to deal with the problem to move the underwater spherical roving 
robot BYSQ-3 from one motion point to another point. Without loss of generality，the control 
problem can be described as the stabilization of the nonlinear dynamical system to the origin from 
a nonzero initial condition. 
3. Design of the control system 
3.1. Mathematical preliminaries 
Definition 1 [22]. Consider a nonlinear dynamical system: 
ݔሶ(ݐ) = ݂൫ݔ(ݐ)൯ = [ ଵ݂(ݔ), ଶ݂(ݔ), ⋯ , ௡݂(ݔ)]், (2)
where ݂: ܴ௡ → ܴ௡ is continuous vector field and ݂(0) = 0, ܴ௡ denotes the ݊ × 1 column vectors 
set. The zero solution ݔ(ݐ) = 0  of system Eq. (2) is finite time stable means that an open 
neighborhood ܷ ∈ ܴ௡ of the origin exists and the following statements hold
(i) Lyapunov stability. 
(ii) Finite-time convergence. That is, for every ݐ଴ ∈ [0, ∞) and ݔ(ݐ଴) = ݔ଴ ∈ ܷ, there exists a 
settling-time function ܶ(ݐ଴, ݔ଴), for all ݐ ∈ [ݐ଴, ܶ], every solution ݔ(ݐ; ݐ଴; ݔ଴) of the dynamical 
system (2) satisfies lim௧→் ݔ(ݐ; ݐ଴; ݔ଴) = 0 and for all ݐ ∈ [ܶ, ∞], ݔ(ݐ; ݐ଴; ݔ଴) = 0. If ܷ = ܴ
௡ , the 
zero solution ݔ(ݐ) = 0 of Eq. (2) is globally finite-time stable. 
Definition 2 [23]. Consider the continuous vector field ݂൫ݔ(ݐ)൯  of Eq. (2), it is called 
homogeneous of degree ݇ with respect to ݎଵ,…, ݎ௡, if there exists positive real numbers ݎଵ,…, ݎ௡, 
such that ௜݂(ߝ௥భݔଵ, ⋯ , ߝ௥೙ݔ௡) = ௜݂(ݔ)ߝ௞ା௥೔ for all ߝ > 0, where ݇ ≥ − max(ݎ௜), ݅ = 1,…, ݊. 
Lemma 1 [23]. System (1) is global finite-time stable if it is globally asymptotically stable 
and is homogeneous with a negative degree ݇. Throughout this paper, the foregoing definitions 
and Lemma 1 help to derive the main result. 
3.2. Design of the finite time control law 
To simplify the controller design, firstly the system Eq. (1) is decoupled by the coordinate 
transformation, define: 
[ݖଵ, ݖଶ, ݖଷ, ݖସ, ݖହ, ݖ଺]் = ܶ[ݔ, ݕ, ߮, ݑ, ݒ, ݎ]்,
where ܶ is a partitioned matrix, and: 
ଵܶଵ = ൭
cos߮ sin߮ 0
−sin߮ cos߮ 0
0 0 1
൱, ଶܶଵ = ൭
−cos߮ −sin߮ 0
0 0 0
0 0 1
൱,
ଵܶଶ = diag ൬0,
݉ଶଶ
݀ଶଶ , 0൰, ଶܶଶ = diag ൬−
݉ଵଵ
݀ଶଶ , 1,1൰.
From the structure of ܶ , it is easy to see |ܶ| = | ଵܶଵ|| ଶܶଶ| ≠ 0 , hence, ܶ  is a reversible 
transformation, stabilization of the vector [ݔ, ݕ, ߮, ݑ, ݒ, ݎ]்  can be changed into stabilizing the 
vector [ݖଵ, ݖଶ, ݖଷ, ݖସ, ݖହ, ݖ଺]். Based on the coordinate transformation, define: 
൫(݀ଵଵ − ݀ଶଶ)ݑ − ݀ଶଶݖଶݖ଺ − ߬ଵ൯
݀ଶଶ = ܨଵ ,
൫(݉ଵଵ − ݉ଶଶ)ݑݒ − ݀ଷଷݎ + ߬ଷ൯
݉ଷଷ = ܨଶ
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ܽ = ݀ଶଶ݉ଵଵ ,     ܾ =
݉ଶଶ
݀ଶଶ , ܿ =
݀ଶଶ
݉ଶଶ.  
ܨଵ, ܨଶ are considered as new inputs to be designed later. 
Using the above change of coordinates, the kinematic and dynamic Eq. (1) of BYSQ-3 can be 
written as the following two subsystems: 
൜ݖሶଵ = −ܽݖଵ − ܽݖସ + ݖଶݖ଺ − ܾݖହݖ଺,ݖሶହ = −ܿݖହ − ܿݖ଺(ݖଵ + ݖସ), (3)
൞
ݖሶଶ = ݖସݖ଺,
ݖሶଷ = ݖ଺,
ݖሶସ = ܨଵ,
ݖሶ଺ = ܨଶ.
 (4)
We assume the initial value of ݖ଺ satisfies ݖ଺(0) ≠ 0, the design of the control laws can be 
divided into three stages.  
Stage 1. The objective of this stage is to steer ݖଶ , ݖସ  to zero in finite time ଵܶ  and we set  
ܨଶ = 0 for this stage. 
Theorem 1. Consider the following nonlinear subsystem of Eq. (4): 
൜ݖሶଶ = ݖସݖ଺,ݖሶସ = ܨଵ.  (5)
The following state feedback control law: 
ቐܨଵ =
−݇ଵsign|ݖଶ|ఈభ − ݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ
ݖ଺ ,
ܨଶ = 0,
(6)
where ݇ଵ > 0, ݇ଶ > 0, 0 < ߙଵ < 0, ߙଶ = 2ߙଵ 1 + ߙଵ⁄  can stabilize the system Eq. (6) in finite 
time ଵܶ. 
Proof: Based on Lemma 1, the proof of this theorem is divided into two steps: 
Step 1 (Asymptotically stable). Consider the candidate Lyapunov function: 
ܸ(ݖଶ, ݖସ) = ݇ଵ
|ݖଶ|ଵାఈభ
(1 + ߙଵ) +
1
2 (ݖସݖ଺)
ଶ,
its time-derivative along the system Eq. (6) renders to: 
ሶܸ (ݖଶ, ݖସ) = ݇ଵsign|ݖଶ|ఈభݖସݖ଺ + ݖସݖ଺(݇ଵsign(ݖଶ)|ݖଶ|ఈభ
      −݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ = −݇ଶ|ݖସݖ଺|ఈమ ≤ 0.
So the ሶܸ (ݖଶ, ݖସ) is negative, and the ܸ(ݖଶ, ݖସ) is monotony decrease. From the definition of 
ܸ(ݖଶ, ݖସ), we have 0 < ܸ(ݖଶ, ݖସ) < ܸ(ݖଶ(0), ݖସ(0)) < ∞, thus ܸ(ݖଶ, ݖସ) is bounded, and so its 
arguments ݖଶ, ݖସ must be bounded. 
The second-order time-derivative of ܸ(ݖଶ, ݖସ) along the system Eq. (6) renders to: 
ሷܸ (ݖଶ, ݖସ) = −݇ଶ(1 + ߙଶ)sign(ݖସݖ଺)|ݖସݖ଺|ఈమ.
Since ݖସ is bounded, we get that ሷܸ (ݖଶ, ݖସ) is bounded, then ሶܸ (ݖଶ, ݖସ) is uniformly continuous. 
from the Barbalat Lemma [24], we can get: 
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lim௧→ஶ ሶܸ (ݖଶ, ݖସ) = −݇ଶ|ݖସݖ଺|
ఈమ = 0.
Remembering that ܨଶ = 0,  from the Eq. (4), we have ݖ଺(ݐ) ≡ ݖ଺(0) ≠ 0,  then 
lim௧→ஶ ሶܸ (ݖଶ, ݖସ) = 0 is equivalent to: 
lim௧→ஶ ݖସ = 0. (7)
To proof that lim௧→ஶ ݖଶ = 0, substituting ܨଵ into Eq. (5), considering the function ݖଶݖସ and its 
time-derivative along the system Eq. (5): 
݀(ݖଶݖସ)
݀ݐ = −݇ଵ
|ݖଶ|ଵାఈభ
ݖ଺ −
݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ + ݖସଶݖ଺
ݖ଺ .
Let: 
݌ଵ(ݐ) = −݇ଵ
|ݖଶ|ଵାఈభ
ݖ଺   , ݌ଶ(ݐ) =
݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ + ݖସଶݖ଺
ݖ଺ .
Remembering that  ݖ଺(ݐ) ≡ ݖ଺(0) ≠ 0,  ݖଶ  is bounded, we can get ݌ሶଵ(ݐ)  is bounded and 
uniformly continuous. From lim௧→ஶ ݖସ = 0, we have lim௧→ஶ ݌ଶ(ݐ) = 0, from the Barbalat Lemma, we 
can get lim௧→ஶ ݌ଵ(ݐ) = 0, it is equivalent to: 
lim௧→ஶ ݖଶ = 0. (8)
From Eqs. (7) and (8), there exist state feedback law Eq. (6) which globally asymptotically 
stabilize ݖଶ, ݖସ to the origin. 
Step 2 (Negative homogeneous degree). Let: 
݂(ݖଶ, ݖସ) = [ ଵ݂(ݖଶ, ݖସ), ଶ݂(ݖଶ, ݖସ)]் = ቌ
ݖସݖ଺
−݇ଵsign|ݖଶ|ఈభ − ݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ
ݖ଺
ቍ,
and choose ݎଵ = 1,ݎଶ = (1 + ߙଵ) 2⁄ , then: 
݂(ߝ௥భݖଶ, ߝ௥మݖସ) = ൬ ଵ݂(ߝ
௥భݖଶ, ߝ௥మݖସ)
ଶ݂(ߝ௥భݖଶ, ߝ௥మݖସ)൰
      = ቌ
ߝ௥మݖସݖ଺
−݇ଵsign|ߝ௥భݖଶ|ఈభ − ݇ଶsign(ߝ௥మݖସݖ଺)|ߝ௥మݖସݖ଺|ఈమ
ݖ଺
ቍ 
      = ൬ߝ௥భା௞ 00 ߝ௥మା௞൰ ቌ
ݖସݖ଺
−݇ଵsign|ݖଶ|ఈభ − ݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ
ݖ଺
ቍ,
where ݇ = (ߙଵ − 1) 2⁄ < 0. 
Based on step 1, we know that system Eq. (5) is global asymptotically stable, from step 2, we 
know that the system Eq. (5) is homogeneous with a negative degree ݇ based on Lemma 1, system 
Eq. (5) is global finite-time stable. 
Since the system Eq. (5) is global finite-time stable under the control law Eq. (6), hence there 
exists time ଵܶ, ∀ݐ ≥ ଵܶ, ݖଶ(ݐ) = ݖସ(ݐ) = 0 and ܨଵ = 0. If we render ܨଶ ≠ 0 at time ଵܶ, then the 
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change of ܨଶ affect the state variable ݖଷ, ݖ଺ while ݖଶ, ݖସ remains unaffected due to the dynamics 
of the system Eq. (4). 
Stage 2. The objective of this stage is to steer ݖଷ, ݖ଺ to zero in finite time ଶܶ, we set ܨଵ = 0 for 
this stage, in particular, this stage we proof ݖଵ, ݖହ is bounded when ݐ ≤ ଵܶ + ଶܶ, there is no finite 
time escape phenomenon for ݖଵ, ݖହ. 
Now consider the subsystem: 
൜ݖሶଷ = ݖ଺,ݖሶ଺ = ܨଶ, (9)
it is a double integrator system similar to system Eq. (6), to regulate ݖଷ, ݖ଺ to zero in finite time 
ଶܶ, the following control law Eq. (10) is applied to system Eq. (9): 
൜ܨଵ = 0,ܨଶ = −݇ଷsign|ݖଷ|ఈయ − ݇ସsign(ݖ଺)|ݖ଺|ఈర, ݐ ≥ ଵܶ. (10)
Theorem 2. The following switching control law: 
ቐܨଵ =
−݇ଵsign|ݖଶ|ఈభ − ݇ଶsign(ݖସݖ଺)|ݖସݖ଺|ఈమ
ݖ଺ ,
ܨଶ = 0,     ݐ ≤ ଵܶ
൜ܨଵ = 0,ܨଶ = −݇ଷsign|ݖଷ|ఈయ − ݇ସsign(ݖ଺)|ݖ଺|ఈర, ݐ ≥ ଵܶ.  
Moves the states ݖଶ, ݖଷ, ݖସ, ݖ଺ to zero in finite-time ଵܶ + ଶܶ and at the end of which we have 
ݖଶ(ݐ) = ݖଷ(ݐ) = ݖସ(ݐ) = ݖ଺(ݐ) = 0 , the state variable ݖଵ , ݖହ  is bounded and the closed-loop 
system is globally finite-time stable. 
Proof: From the above control law, the state variable ݖଶ, ݖସ converge to zero at time ଵܶ, when 
ݐ ≥ ଵܶ, the change of ܨଶ affect the state variable ݖଷ, ݖ଺ while ݖଶ, ݖସ remains unaffected, below we 
illustrate there don’t exist finite – time escape phenomenon for ݖଷ, ݖ଺, when ݐ ∈ [0, ଵܶ], ܨଶ = 0, 
from ݖሶ଺ = ܨଶ, ݖ଺ will be a constant value (ݖ଺(ݐ) = ݖ଺(0)), from ݖሶଷ = ݖ଺, we know ݖଷ exhibits a 
linear increase with time and is bounded. From the design of the control law, we have  
ݖଶ(ݐ) = ݖଷ(ݐ) = ݖସ(ݐ) = ݖ଺(ݐ) = 0,  for all ݐ > ଵܶ + ଶܶ  in fact, ݖଵ,  ݖହ  is bounded for all  
ݐ ∈ [0, ଵܶ + ଶܶ]. 
Define the Lyapunov function: 
ܸ = ݀ଶଶ2݉ଶଶ ݖଵ
ଶ + ݉ଶଶ݀ଶଶ ݖହ
ଶ,
then: 
ሶܸ = ݀ଶଶ2݉ଶଶ ݖଵݖሶଵ +
݉ଶଶ
݀ଶଶ ݖହݖሶହ =
݀ଶଶ
2݉ଶଶ ݖଵ ൬−
݀ଶଶ
݉ଵଵ ݖଵ −
݀ଶଶ
݉ଵଵ ݖସ + ݖଶݖ଺ −
݉ଶଶ
݀ଶଶ ݖହݖ଺൰
      + ݉ଶଶ݀ଶଶ ݖହ ൭−
݀ଶଶ
݉ଶଶ ݖହ −
݀ଶଶ
݉ଶଶ ݖ଺(ݖଵ + ݖସ)൱ 
      = − ݀ଶଶ
ଶ
݉ଵଵ݉ଶଶ ݖଵ
ଶ − ݖହଶ − ݖଵ ቆ
݀ଶଶଶ
݉ଵଵ݉ଶଶ ݖସ −
݀ଶଶ
݉ଶଶ ݖଶݖ଺ቇ + ݖସݖହݖ଺.
From: 
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ܸ = ݀ଶଶ2݉ଶଶ ݖଵ
ଶ + ݉ଶଶ݀ଶଶ ݖହ
ଶ,
we have: 
|ݖଵ| ≤ ඨ
2݉ଶଶ
݀ଶଶ √ܸ,     |ݖହ| ≤ ඨ
2݀ଶଶ
݉ଶଶ √ܸ.
Recalling that ݖଶ(ݐ), ݖଷ(ݐ), ݖସ(ݐ), ݖ଺(ݐ) is bounded for all ݐ ∈ [0, ଶܶ], we have: 
ሶܸ ≤ ݇ଵܸ + ݇ଶ(ݐ)√ܸ, 
where: 
݇ଵ = max ቆ−
݀ଶଶଶ
݉ଵଵ݉ଶଶ , −1ቇ, ݇ଶ(ݐ) = ቆ
݀ଶଶଶ
݉ଵଵ݉ଶଶ ݖସ −
݀ଶଶ
݉ଶଶ ݖଶݖ଺ቇ ඨ
2݉ଶଶ
݀ଶଶ + ݖସݖ଺ඨ
2݀ଶଶ
݉ଶଶ . 
Let ߜ = √ܸ, then: 
ߜሶ = ݀√ܸ݀ݐ ≤
݇ଵ
2 ߜ +
1
2 ݇ଶ(ݐ),
so: 
ߜ(ݐ) ≤ ݁ିଵଶ௞భ మ்ߜ(0) + 12 න ݁
ିଵଶ௞భ( మ்ି௧)݇ଶ(ݐ)݀ݐ.
మ்
଴
Recalling that ݇ଶ(ݐ) is bounded, so ݖଵ, ݖହ is bounded for all ݐ ∈ [0, ଶܶ]. 
Stage 3. From the above analysis, when ݐ > ଵܶ + ଶܶ, the system becomes: 
൜ݖሶଵ = −ܽݖଵ,ݖሶହ = −ܿݖହ. 
It is a Hurwitz system and is global uniform asymptotic stability.  
4. System simulation 
4.1. Control performance of the proposed method 
In this section, a series of numerical simulation results are presented by using the 
MATLAB2014 /SIMULINK programs to illustrate the performance and of the tracking control 
laws. The results demonstrate that the tracking control laws can not only effectively achieve the 
trajectory tracking mission, the tracking control design is independent of the predefined desired 
trajectory. Specially, these control gains are ݇ଵ = 4, ݇ଶ = 10, ݇ଷ = –0.2, ݇ସ = –0.3, ߙଵ = 0.5, 
ߙଶ = 2/3, ߙଷ = 0.3, ߙସ = 6/13. 
And the parameters: ݉ଵଵ = 25 kg, ݉ଶଶ = 25 kg, ݉ଵଵ = 25 kg, ݀ଵଵ = 0.4 kg/s, ݀ଵଵ = 0.2 kg/s, 
݀ଵଵ = 0.001 kg/s. 
The initial conditions are: ݔ(0) = 10 m, ݕ(0) = 10 m, ߮(0) = ݌݅ 2⁄ , ݑ(0) = 1 m/s,  
ݒ(0) = 0 m/s, ݎ(0) = –0.1 rad/s. 
The time-response of the states and the control inputs are shown in Fig. 3. The path traced by 
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BYSQ-3 is shown in Figs. 4. 
 
a) BYSQ-3x tracking 
 
b) BYSQ-3y tracking 
 
c) BYSQ-3u tracking 
 
d) BYSQ-3v tracking 
 
e) BYSQ-3 yaw angle 
 
f) BYSQ-3 yaw angle velocity 
 
g) BYSQ-3 propeller thruster 
 
h) BYSQ-3 steering torgue 
Fig. 3. Simulation results of the finite time control laws 
 
Fig. 4. Actual trajectory of BYSQ-3 
The Figs. 3, 4 show the position and orientation responses of the BYSQ-3, these results 
indicate that the position and orientation can fast converge to the origin in finite time. The position 
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errors ݔ and ݕ are less than 0.08 m and e-5 during steady state, the orientation error is less than 
10-3 degree. From the figures, it is easy to see the change slope of the sway velocity is less than 
that of the sway velocity, this is because there is no dependent control input in the sway, the sway 
motion is realized by using the couple effect of the surge and yaw. From Fig. 3(e), we know the 
angle change uniformly in the initial time. This is because the value of ܨଶ is zero and the angle 
velocity is a constant, the value of ܨଶ do not keep zero when ݐ > ଵܶ until ݐ = ଵܶ + ଶܶ and the 
angle begin change, the flywheel can guarantee the effective of the effect. ݃, ℎ of Fig. 3 illustrates 
the surge control force ߬ଵ  and the yaw control torque ߬ଷ . Fig. 4 demonstrated the simulation 
trajectory of BYSQ-3 on the horizontal plane. From Fig. 4, the simulation trajectory of BYSQ-3 
is similar to the motion of a car reverses to warehousing. In the initial time，BYSQ-3 has a 
forward deceleration behavior, then start reversing, reducing the yaw angle, and return to the 
origin the change process is relatively stable, and the overshoot is small. Above simulation results 
show that the designed finite time stabilization control law can effectively implement the 
underwater probe point stabilization control, convergence time is short, which will help to save 
energy. 
4.2. Comparison with the finite time controller in [14] 
In this subsection, the finite time control law proposed in this paper is compared with the finite 
time control law derived in [14], the initial conditions are: ݔ(0) = –3.7142 m, ݕ(0) = –3.8993 m, 
߮(0) = 2 rad, ݑ(0) = 1 m/s, ݒ(0) = 3 m/s, ݎ(0) = –4 rad/s. 
The gains of the control law proposed in this paper are: ݇ଵ = 2.3, ݇ଶ =  8, ݇ଷ =  –0.5,  
݇ସ = –0.4, ߙଵ = 0.5, ߙଶ = 2/3, ߙଷ = 0.3, ߙସ = 6/13. 
The results are given in Figs. 5, 6, which compares the control torque，simulation trajectory 
by the controller in this paper and the controller in [14], it can be seen that the settling time 
consumed by the controller in [14] is over three times of that by controller in this paper, the control 
torque yields by the controller in [14] is relatively larger than that by controller in this paper 
because the controller in [14] yields a sudden sharp turn while the controller in this paper obtain 
a smooth motion curve, the distance travelled by the controller in [14] is relatively longer than 
that by controller in this paper. The numerical results show that the controller in this paper can 
save time and energy. 
x 
 in
 m
y in m  
a) Controller in this paper 
x 
 in
 m
y in m  
b) Controller in [14] 
Fig. 5. Simulation trajectory comparison of the two controllers 
5. Experiment 
The BYSQ-3 is a spherical underwater autonomous roving robot prototype that is 0.40 m 
diameter, and weighs about 30.6 kg in air (see Figs. 7, 8). The BYSQ-3 has an improved turning 
system structure resulting in better performance compared with BYSQ-2 [25]. In order to verify 
the performance of the control law proposed in this paper, we have conducted the experiments on 
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the swimming pool in BUPT, china. at the end of December 2015, in the swimming pool there is 
no significant wind disturbance. The sensors are shown in Fig. 7. 
Time in sec
τ
1  i
n  
N
 
a) Propeller thruster in this paper 
Time in sec
τ
3 in
  N
-m
 
b) Steering torque in this paper 
τ
1  i
n  
N
Time in sec  
c) Propeller thruster [14] 
τ
3 in
  N
-m
Time in sec  
d) Steering torgue in [14] 
Fig. 6. Control torque comparison of the two controllers 
 
Fig. 7. The sensors of BYSQ-3: a) GY-80 nine-axis digital gyroscope,  
b) micronav navigation system, c) ultrasonic displacement sens, d) underwater camera 
 
Fig. 8. The prototype of BYSQ-3 
BYSQ-3 uses real-time wireless remote control mode, the control structure is shown in Fig. 9, 
the controller adopts GD32F105 embedded computer, control software adopts the VxWorks 
real-time operating system, the time period for receiving and processing navigation and position 
data is 200 ms, and the movement state information is sent to the host computer through the 
communication module, the Control software was developed under visual studio 2012. The host 
computer starts a control cycle when receiving the robot’s state information and sent the drive 
instructions to the robot controller, the instructions were converted into output voltage signal to 
realize the motion control. 
In the experimental process, the actual input signals is the input voltage while not the propeller 
thruster and the flywheel driving torque in the simulation process, to determine the relationship 
between motor input voltage and propeller thruster we measured the output thrust and torque under 
different voltages for 20 times. Through analyzing the experiment results, we found force-voltage 
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relationships a quadratic parabolic at voltages with slightly different in the forward and backward 
stages. According to the experiment results, the input voltage of propeller thruster and the flywheel 
driving torque was shown in Figs. 10, 11. 
host computer
INS/USBL propellerflywheel
On the water
UUV state
Wireless
information
drive
instructions
COM DA
GD32F105 embedded 
controller
 
Fig. 9. Control structure of BYSQ-3 
 
Fig. 10. Change of input voltage of propeller 
 
Fig. 11. Change of input voltage of flywheel motor 
 
Fig. 12. Underwater motion picture of BYSQ-3 
Fig. 13 is the actual trajectory based on the experiment data, and from experiment data, we can 
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find the distance between the terminal point of BYSQ-3 and the origin is 0.27 m, the result is 
better than expected. 
 
Fig. 13. Actual trajectory of BYSQ-3 
Zhimin Liu conceived and designed the work that led to the submission. Hanxu Sun revised 
the manuscript. Yansheng Li played an important role in interpreting the results. Qingxuan Jia 
performed the CFD simulation. Ming Chu performed the data analyses. 
6. Conclusions 
In this paper, we deal with the point stabilization problem of a novel underwater spherical 
roving robot BYSQ-3. the finite time stabilization controller is designed which can reduce the 
coupling degree and improve convergence rate of the system. As can be seen from the design 
process, there is no virtual input, which can improve the processing speed of the computer, 
Simulation results demonstrate the good performance of the control laws, the designed control 
laws can save time and therefore can save energy, the experimental results and simulation results 
have consistency. 
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